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FORCE FREE FIELDS (FFF) 
 
• No magnetic force.  𝐽𝑥̅𝐵% = 0		 → 			𝑜𝑛𝑙𝑦	𝑤ℎ𝑒𝑛	𝐿𝑜𝑟𝑒𝑛𝑡𝑧	𝑓𝑜𝑟𝑐𝑒	𝑑𝑜𝑚𝑖𝑛𝑎𝑡𝑒𝑠 
• Plasma b=	 <=

>?
𝑃					 → 				𝑤ℎ𝑒𝑟𝑒	𝑃	𝑖𝑠	𝑡ℎ𝑒𝑟𝑚𝑎𝑙	𝑒𝑛𝑒𝑟𝑔𝑦	𝑎𝑛𝑑	 <=

>?
	𝑖𝑠	𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐	𝑒𝑛𝑒𝑟𝑔𝑦 

 
 

If b << 1 Magnetic field dominates 
If b >> 1 Thermal energy dominates (kinetic: B

C
𝑝𝑣C ≫ >?

<=
) 

 
• When b << 1 ( and fluid frozen-in: Rm >> 1) Plasma follows the 

field lines, such as in the solar corona 
• The plasma drives the such as the interior of stars: Dynamo 

Action 
• Dynamo Action: motion of plasma wraps up field lines (gives us 

the solar cycle) 
 
 
STATIC FORM EQUATION: 
 

𝐽𝑥̅𝐵% − Ñ	H 	𝑃 = 0		 
𝜷 =

𝑷
𝑩𝟐

∗
𝑳
𝒍
	~	𝟏 𝐵C

𝑙B
			−					

𝑃
𝑙C
		= 0 

 
 
 
FORCE FREE FIELD LINES: (b << 1)  ( 𝑱̅𝒙𝑩H = 𝟎) 
 
Non-linear partial differential equation in the first order: 
 

𝑧̂ = 𝑗W𝐵X − 𝑗X𝐵W = 0 
Y𝜕𝑦𝐵[ − 𝜕𝑥𝐵X\𝐵X + (𝜕𝑥𝐵W − 𝜕𝑥𝐵[)𝐵W = 0 
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Ñ	H ∗ 𝐵% = 𝜕𝑥𝐵W + 𝜕𝑦𝐵X + 𝜕𝑧𝐵[0		 
SPECIAL SOLUTIONS 

 
𝐽𝑥̅𝐵% = 0		 → 			 𝚥 ̅ = 𝜆(𝑟̅)𝐵%  

Ñ	H ∗ 	 𝐽 ̅ = 	Ñ	H ∗ (Ñ	H 𝑥𝐵%) = 0			 → 			𝜆(𝑟̅)Ñ	H ∗ 𝐵% + Ñ	H 𝜆 ∗ 𝐵%  
Ñ	H 𝜆 ∗ 𝐵% = 0				 → 				𝜆	𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡	𝑎𝑙𝑜𝑛𝑔	𝑓𝑖𝑒𝑙𝑑	𝑙𝑖𝑛𝑒 

 
 

Potential Fields: No Current (Curl) 
(Ñ	H 𝑥𝐵%) = 0			 → 			𝐵% = Ñ	H 𝜑	(Ñ	H 	𝑥	Ñ	H 	𝜑	 = 0) 
(Ñ	H 𝑥𝐵%) = 0			 → 			Ñ	H ∗ (Ñ	H 𝜑) 	= 		 ∆𝜑	 = 	0 

𝜑 = ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐	𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛	𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔	𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦	𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠	 
 

Vector Potential 
𝐵% ≡ ∇H𝑥𝐴̅ 				→ 					 ∇H ∗ 𝐵% = ∇H ∗ (∇H𝑥𝐴̅) = 0 

 
2D Potential Fields: 𝑩𝒛 = 𝟎		; 		𝝏𝒛 = 𝟎 

𝐵W(𝑥, 𝑦), 𝐵X(𝑥, 𝑦)		; 		𝐵W = 𝜕𝑦𝐴[(𝑥, 𝑦)		; 		𝐵X = −𝜕𝑥𝐴[(𝑥, 𝑦)		 
𝐴 = 𝑣𝑒𝑐𝑡𝑜𝑟	𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙:			∇H𝑥𝐵% = 0				 → 				 ∆𝐴[ = 0 

𝐴𝑠𝑠𝑢𝑚𝑒	𝐴[ = 𝑅o𝑓(𝑥 + 𝑖𝑦) = 𝑅o𝑓(𝑧) 
𝑖𝑓	𝐴[ = 𝑅o𝑓(𝑧),			𝑡ℎ𝑒𝑛		∆𝐴[ = 0 

 
 

Klebsch Coordinates 
• Define: 𝐵% = ∇H𝛼	𝑥	∇H𝛽, 𝛼(𝑟̅), 𝛽(𝑟̅) 
• So now we have reduced the problem to two unknown 

functions instead of three (𝐵W, 𝐵X, 𝐵[) 
∇H𝛼 ∗	𝐵% = 0				 → 						 ∇H𝛽 ∗ 𝐵% = 0.		 

• Hence a and b are constant along field lines 
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• There is no generating function for 𝐽𝑥̅𝐵% = 0		but what about 𝐽 ̅ ∗
𝐵% = 0		?  

• Maximum force field: |𝐽𝑥̅𝐵%| = |𝐽|̅|𝐵%| 
Assume 𝐵% = 𝛼∇H𝛽					 → 					 𝚥̅ = ∇H𝛼	𝑥	∇H𝛽 

 
Helicity in Klebsch Coordinates 

𝐻 ≅ v 𝐴̅ ∗ 𝐵%𝑑𝑉			; 				𝐵% = ∇H	𝑥	𝐴̅	; 										∇H ∗ 	𝐵% = 0
x

 

𝐴̅ =
1
2
(𝛼∇H𝛽 − 𝛽∇H𝛼	) 					→ 								 𝐵% = ∇H𝛼	𝑥	∇H𝛽 

• Helicity = 0 in Klebsch coordinates…what is helicity? Winding of 
field lines ex. Tokamak 

 
Cylinder Symmetry: Force Field Fields 

• Twisted Fields on Cylinder Shells: 𝜕𝑧 = 0		, 𝜕𝜑 = 0 

∇H ∗ 𝐵% = 0 =
1
𝑟
𝜕𝑟(𝑟𝐵{) = 0								𝐵{ = 0 

𝐵% = Y𝐵{, 𝐵|, 𝐵[\ = (0, 𝐵|, 𝐵[) 
𝚥𝑥̅𝐵% = 0		 ∶ 			𝐹𝑜𝑟𝑐𝑒	𝐹𝑟𝑒𝑒	𝐹𝑖𝑒𝑙𝑑 

𝑑
𝑑𝑟
Y𝐵𝜑C + 𝐵WC\ +

1
𝑟
𝐵𝜑C = 0						𝐵𝜑C + 𝐵WC:𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐	𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒,					

1
𝑟
𝐵𝜑C:𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐	𝑡𝑒𝑛𝑠𝑖𝑜𝑛 

 
• Take Arbitrary function: 𝐵C(𝑟) = 𝑓(𝑟) 

𝐵XC = −
𝑟
2
𝜕𝑓
𝜕𝑟
+ 𝑓					,									𝐵[C = 𝑓(𝑟) − 𝐵XC 

• Example: uniform twist field    𝐵X =
>�(�{ C�� )

B��?({? (C�)?� )
								𝐵W = 𝐵X(2𝐿 Φ𝑟� ) 

• Here we have a general solution: Define a function f(r), with some mild 
conditions. 

 
Linear FFF 

• Recall: 𝚥̅ = 𝛼(𝑟̅)𝐵%  
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Assume 𝛼(𝑟̅) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 
∇H	𝑥	𝐵% = 𝛼𝐵%  

∇H	𝑥	(∇H	𝑥	𝐵%) = 	𝛼∇H	𝑥	𝐵% = 	𝛼C𝐵% 	= 		 ∆C𝐵%  
(∇HC + 𝛼%C)𝐵% = 0 

• The Helmholtz equation is linear. It has general solutions in the 
form of separation of variables, including exponentials with 
complex exponents in cartesian coordinates 

 
HOMEWORK 

 
1) Calculate 𝚥	̅ in Klebsch: instead of 𝐽𝑥̅𝐵% = 0		but what about      
𝐽 ̅ ∗ 𝐵% = 0		? 

2) Try out a few functions (quartic, quadratic, gaussian) to see how 
𝐵|			&.			𝐵[ work out 

 
 


